VOL. 18, NO. 2 AIAA JOURNAL FEBRUARY 1980

ARTICLE NO. 77-115R
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. Rational New Approach to the Response of an Aircraft ;...
e Encountering Atmospheric Turbulence BCoos

- | to00Y
J.C.T. Wang* and S. F. Shent .
Sibley School of Mechanical and Aerospace Engineering, Cornell University, Ithaca, N.Y.

Based on the technique of expanding a random function in terms of statistically orthogonal random func-
tionals, a method is developed for analyzing the response of an aircraft to a stationary, weakly non-Gaussian
atmospheric turbulence. The atmospheric turbulence is characterized through the correlation functions, and no
other ad hoc assumptions are necessary. The expansion kernels enable us to construct various probability density
functions of interest—e.g., the joint probability density function of the response velocity and acceleration. To
illustrate the method and demonstrate some of the effects due to the non-Gaussian nature of atmospheric tur-

" bulence, the simple case of the plunging motion of a rigid aircraft in a turbulent gust is presented in detail. It is
found that even when the aircraft responds as a linear system, a nearly Gaussian turbulent gust can render an

aircraft response highly non-Gaussian.

I. Introduction

N the gust loading problem, certain calculations (such as

the level crossing frequency) require explicit knowledge of
the probability density functions of the aircraft motion in
response to atmospheric turbulence. Traditionally, these
probability density functions are obtained by assuming that
the turbulence is Gaussian and that the aircraft responds as a
linear system. By these two assumptions, it follows that the
probability structure of the aircraft response is also Gaussian.
Recent observations, however, have revealed that the
assumption of a Gaussian turbulence is not satisfactory since
it significantly underestimates the frequency of occurrence of
high gust velocities and, consequently, gust loading. !

To amend this shortcoming, a number of new atmospheric
turbulence models have recently been proposed!-* for the
aircraft gust interaction problem. In Ref. 1, the turbulent gust
is assumed to be the product of a deterministic function of
time and a stationary Gaussian random process. The resulting
modulated Gaussian process is nonstationary. The rationale
of the assumed modulating function is not given. In Ref. 2,
the turbulent gust is modeled as the sum of two components: a
stationary Gaussian process and a modulated Gaussian
process. The modulating function itself is a stationary
Gaussian process. The three Gaussian random functions are
assumed to be mutually independent. The two components
have the same spectrum. In Ref. 3, it is suggested that the two
components in Ref. 2 should have different spectra and that
the modulating function is not Gaussian.

Instead of making physical models, we will approach the
problem by using a mathematically well-developed technique
for dealing with a non-Gaussian process. The techniques of
expanding a given random function in terms of statistically
orthogonal random functionals is not unfamiliar in the field
of radio communication engineering. These techniques are
essentially originated by Wiener* and further developed by
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Kuznetsov et al.’ The last two lectures of Ref. 4 are devoted
to a discussion of possible application of these techniques to
the problems of hydrodynamic turbulence. An application of
these techniques to the isotropic turbulence is presented in
Ref. 6. These techniques are mathematically rigorous.

In this paper, we present the method developed based on
these techniques for analyzing the response of an aircraft
flying through a non-Gaussian turbulence. To the best
knowledge of the present authors, their application to the gust
loading problem represents a new approach. In Section II, a
brief introduction of the theoretical background is given.
Section II also presents a novel procedure for obtaining the
probability density functions of a stationary random function
represented by two-term expansion.

In Section I, these techniques are applied to analyze the
plunging motion of a rigid aircraft as induced by the turbulent
gust. 17 [t is demonstrated there that, even though the aircraft
responds as a linear system, a nearly Gaussian turbulent gust
can render an aircraft response highly non-Gaussian.

II.

A. Functional Expansion of a Random Function

By Wiener’s technique,* any given random function Y ()
can be expanded in terms of the polynomial of the Gaussian
white noise function @(f), which is a normally distributed
random function with the first and second moments given by

Theoretical Background

Ca(t))=0 (1a)

{a(tya(t')y=06(1—1t") (1b)

where (-) stands for ensemble average. The expansion is
written as

0

Y([) = E S o ST('” ([;TI)TZ)' : .Tn)
n=0
XHM (7,,7,5,+-+7,)dr,d7,---d7,

2

where T (4;7,,7,,---7,) are deterministic functions of

t,7,,75,- 7, and H"W (r,,7,,---7,) are Hermite
polynomials of a(7) 8:

HO =] (3a)

H (1) =a(7) (3b)
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H® (1,,7;) =alr;)a(r,) —6(r,—1,) (Bo)

The domain of integration is taken from — oo to + 0. Since
H® (7,,7,,-+-7,) are symmetric in 7,,7,,+-+7,, SO are
T (71,75, Ty )
If Y(¢) is a stationary random function with zero mean,
then the expansion takes the form

o

Y(£)= Z S-..ST(") ([—7'1,[—72,. ..t_Tn)

n=1

XH" (1,75, 1,)dr,d7r,---d7, @
and T (t—71,,t—1,,
Ty l—T,.

It has been shown by Cameron and Martin? that the ex-
pansion (2) is complete. It is noted that the first term of the
expansion (4) is Gaussian. The succeeding terms represent the
departure of Y(¢) from Gaussianity. Further mathematical
details about the expansion and its application to the
problems of homogeneous isotropic turbulence can be found
in Ref. 6 and the references cited there. An attempt to apply
this expansion to describe the statistical properties of at-
mospheric turbulence has been previously made by Dutton.”

If the statistical properties of Y (¢) are given, two methods
have been proposed to find the kernels in the expansion. The
first method*® is based on the criterion of mean square
convergence, equivalent to minimizing the error,

++f—7,) are symmetric in {—7;,/—

e

€= Y(t) - E § t ST(”) (t;TIJT2)' : 'Tn)
n=0
XHW (7,75, 7,)d7r,d7, - -d7, )

Under the criterion of minimizing the mean square error e, it
is proved’ that the kernel functions are defined by the
following integral equation:

.T"I)):'j..

.T")H(fl) (71"72" ..

(Y(O)H'™ (1},75,+ ST (7,75, 01,)

CH® (7,75, -7,) ¥d7,dr,- - -dr, 6)
However, the joint statistical properties of Y(f) and
H®"™ (1,,7,,---7,) are in general not known; further con-
siderations for the evaluation of the quantities defined in the
left-hand side of Eq. (6) are needed. Once the left-hand side is
given, T (t;7,,75,+---7,) can be found because the
correlation of H™ (7,,7,,++-7,) and H" (7},75,---7,) is a
series of delta functions.

For cases where Y (¢) is stationary and nearly Gaussian, the
expansion (4) may be truncated after the second term6.7:

Y() =Y, (1) + Y, (1) (7a)

v,o=|" 10u-nH» e (7b)

Yz(f)zgm

T (t—1),t=7,)HD (7),7,)d7,d7,  (Tc)

Here, Y, (¢) is Gaussian; Y, (f) is a small correction due to
Y(t) being non-Gaussian. Expressing an atmospheric tur-
bulence velocity in the form of Eq. (7), Dutton, in Ref. 7,
adopted the method mentioned above and evaluated the left-
hand side of Eq. (6) by digital simulation. The kernels 7))
and T(@ were then solved by Fourier-transform techniques,
but with ‘“formidable difficulties.”” Nevertheless, he obtained
enough results to show a comparison of part of an input
spectrum and the reconstructed version from his results of the
expansion technique. The data processing aspects seemed to
be discouraging, and his project was discontinued.
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The second method, also presented in Ref. S, is based on
the equilibration of the correlation functions of both sides of
Eq. (4). If the correlation functions have been determined, the
expansion kernels 7(” are governed by an infinite set of
simultaneous nonlinear integral equations. We have followed
this route in the present study. For the two-term expansion
(7), our example in Section IIl shows that the solution is
straightforward via an iterative procedure.

B. Probability Density Functions

Even if T, T | etc., are assumed known, we can find
no previous work on how to construct the various probability
density functions of interest. It is therefore necessary first to
develop a method to do so. Let us consider the joint
probability density function, p(y,y), where y and y are,
respectively, the real values of the stationary random func-
tions Y (¢) and its time derivative Y (¢) at any instant 7. When
Y (¢) is described by Eq. (7),

Y(r)= % Y()= g: TW (t—=1)HD (1)dr

+S ST(M (t—7,,t=7,)HD (7,,7,)d7,,d7, (8)
where
ad drh
T (t=r) =0 T (1=7) = (9a)
dy

. ad ‘ ad
T(z)(f—T/,f—Tz)_—' T3 (1) + T (n,5m,)
an an,

1

(9b)

n,m,, and 75, are, respectively, abbreviations for t—7, t—71,,
and r—7,. As we are interested in a physically realizable
system, T () and T2 (u,,m,) will have the value zero
whenever any of the arguments is negative.!© Hence, the
domains of definition for T (5) and T (y,,5,) are
0<y<oand 0=y, <o, 0=y, <o, respectively.

A natural complete set of eigenfunctions in [0,c0) is the
Laguerre function!!:

L
by () === (:7) e 2 (10a)
m!

where L,, (n) is the Laguerre polynomial defined as

m

L ="
m(n)=e o

(pme—n) (10b)

The expansions of T (4), T (q,7,), T(y), and
T (n,,m,) in the series of ¢,, (1) may be written as

N
T ()= Y, Dy, () an
m=0
B N —
T ()= Y, Dy (n) (12)
m=0
N N
TO ()= Y Y Apnto ()6, (n2) (13)
m=0 n=0

and

T (nm2) =

Il MZ

N
E 171n¢rn(nl)¢n (772) (14)
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where N—co. The expansion coefficients D,,, D , A, and
A,,, are determined by

D, = |1 e, man (1s)

D, =| T e, (mdn (16)

A= |70 Gun 0, 0, A, ()
and

A= | T 011208, ()9, (1) dm,dn, (19)

Substituting Egs. (11-14) into Eqgs. (7) and (8), we obtain

Y(t)-_—S E D, o, (t—=7)HY (1)dr
m=0
- N N
+S SE EAmn¢m(1_T])¢n (1_7-2)
% YV m=0 n=0
xH® (7,,7,)dr,dr, 19)

: N
Y () =S Y, D¢, (t—=7)HD (1)dr
% m=0

14 N N -
+S g Y X A (=70, (t=1,)
~® Y m=0 n=0

X H'® (7,,7,)d7,dr, ’ ©0)

It is assumed that the behaviors of T (3), T (n,,3,), and
Y@ (n,,m,) are nice enough so that the series expansions,
Egs. (11-14), converge uniformly in their domains of
definition. We may therefore!? interchange the order of
summation and integration in these two equations. From Eq.

19,
N

Y(1) = ZZ:O S’
g ZN} A omt=r6, 0

X H? (1,,7,)dr,d7, 1

w (E=T)HD (7)dr

Defining
Xm(t)zgl ¢, (t—1)a(7)dr (22)

and using Egs. (3b) and (3¢) for HD (7) and H® (7,,7,), we
obtain

N
Y()= Y, D, X, (1) + E EA X, ()X, (1)
m=0

m=0 n=

N N ‘ '
- 2 EAmnS_m S_m ¢m(t_7'[)¢n(t_72)
m=0 n=0

xX6(7, —7,)dr,dr, (23)

The last term of Eq. (23) can be simplified by using the or-
thonormality property of ¢, (n). The result is

N N N
Y()= Y, DX, () + 3 Y A X, (1) X, (1) —0, (24)

m=0 m=0 n=0
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where

m=0

Similarly, we obtain from Eq. (20):

N
Y=Y D,X, (0

m=0

N N
+ Y Y A4,,X, (00X, () -5, @5)
m=0 n=0

where
N
— 2 P
m=0

It is noted that X, (f) defined by Eq. (22) has the following
properties:

1) X, (f) is a Gaussian random function with zero mean
because a(t) is Gaussian with zero mean.

2) X,, () is stationary because the argument of the kernel
is the difference of the independent variables.

3) X,,(¢) and X, (¢) are statistically independent because
X,, (t) and X, (1) are both stationary Gaussian and their co-
variance is

X 0%, 0=\ | 6.t=r)o,-7)

X a(r;)a(7,))dr,dr,, =0 if m#n (26a)

4) X, (¢) has unit variance because
<X£,>=SO Gy (1) by (n)dn=1 (26b)

Based on these properties for X,, X,,...X,, their joint
probability density function is

N 2

X
VX, = (27) " WN+D/2. (__'"> 27
P(Xp,X;, -0 x,) = (2m) ||exp 5 27

m=0

To find the joint probability density function p(y,y) of the
random functions Y (z) and Y(¢), we proceed from the
characteristic  function.!? The characteristic function
by (t,,¢,) is defined as the Fourier pair of p(y,y):

poy=@n 2| |7 enunesir i dr,

=3

by (tniy =] | POsIetrie

Hence, with Egs. (24) and (25),

d>yy(t,,t2)=S~~§exp{it,[ ZN) D,x

N "= N
; a,:l+lt2[mE:0 X
S fan )

"X, )dxpdx, - - -dx, (28)

Ii MZ I [\12

Xp(xo;xl, ct

Let us rewrite Eq. (28) in the following form:

byy (t,,8;) = S .. Sexp{i[ ZV: P, (t,,t,)x,

m=0

N N
+ E E¢mn(t]:t2)xmxn_(01t1+61t2):|}
m=0 n=0

Xp(Xg, Xy, X, )dxpdx, - - -dxy 29)
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where (Since )?:é?, by the indicial notation X; =B, Y, it follows
P, (t;,t,) =D, t, + D1, (30) that dx;/dy; = B;;. By Eq. (34), we have at once 19 (x,,
d Xl""xN)/a(yo,yI,...,yN)|:1.)
an _ With Eqgs. (27), (33), and (35-37), we recast Eq. (29) as
an (tl’tZ)EAmnt1+Amnt2 (31)

Since A,,, and A,,, are symmetric with respect to their
indices, so is Q,,, (f,,f;). For simplicity, when there is no
danger of confusion, we will write P, for P, (¢,,¢,) and Q,,,
for Q,,, (f;,¢,). The matrix @={Q,,, ] is real and symmetric.
Some important properties related to the matrix Q may be
noted: .

1) The characteristic roots of Q are all real.

2) There exists a real orthogonal matrix B such that

B-1QB=BTQB=diag{\,\,, - Ay}

where B~/ is the inverse of B, BT is the transpose of B, diag
{---) is a diagonal matrix, and A,, \;,... and A\, are the
characteristic roots of Q.

3) The length of X is preserved under the transformation

Y=B-'X¥=BTX
or = -
X=BY (32)
in the sense that
XTX=(BY)TBY=YTY¥ (33a)
or
N N
Yxi=) v (33b)
n=0 m=0

4) The orthogonal matrix can be normalized such that the
determinant

IB,;l=1 (34)

Using these properties, we can deduce the following results:

1)
N N “ N
E E anXan= E )\m(tIYtZ)an (353)
m=0 n=0 m=0
where - .
Y=BTX (35b)
2)
N N
Y PX,= Y 0, (1) Y, (36a)
m=0 m=0
where -
&(t,,t,)=BTP (36b)
3)
dxydx;...dxy =dy,dy,...dy, 37

from the fact that the Jacobian

b, oy o

‘ ayo ay] san a))_N
0(Xp,XpseeXn) | _ | 9, 93X, ax, _y
(VY5 V) o ay, Wy -

oy om o

dy, Iy, ay_N

Sy (t,1;) = S o SCXP{i["i:oam (21:83) Y m

N
+ Y N ()2 - (o,t,+a,zz)B-(27r) ~(N+1)72
m=0

N |~

N
X exp{— E yf,,]dyodyI...dyN
m=0

= (2m) ~WHDZexpl—i(o,t,+6,1,)]

N .

11 Sexp[iam (Eiats)y +iN, () y2 — Viy21dy,
m=0

The final result can be put into a remarkably compact ex-

pression:

N
Syy(110) =[H [1—i2)\m(z,,t2)]*”]

S m=0

1 ZN: a2 (t,t,)

'eXp{_ 2 = TN, (1)

p —i(a,t,+6,l)}

m=0
(38)

The one-dimensional probability density function can be
obtained from the one-dimensional characteristic function,

e.g.,

1 (= _
P =5 S by (t))e~trdt, 39)
T —

where ¢, (¢,) is the one-dimensional characteristic function
and is the degenerate case of Eq. (38) by setting ¢, =0. In fact,
the explicit result can be rewritten even more simply as

Gy (1) ={I_NI U=i2n1 ]

m=0

ti N a
cexpl—L Y -2 o 40
Xp{ 2201—21')\,;,1, ak ’} “0)

where N, and «,, are constants, A, being the characteristic
rootsof {A4,,}and«,, =B,,D,.

III. Application to the Gust-Loading Problem
To illustrate the method and demonstrate the effects of the
non-Gaussian nature of the atmospheric turbulence on the
statistical characteristics of the response, we consider as an
example the plunging motion of a rigid aircraft induced by
turbulent gust. The turbulence is assumed to be nearly
Gaussian, but no such restriction is made on the response.

Equation of Motion

In the case of the plunging motion of a rigid aircraft, the
one-degree-of-freedom dynamic model used by many other
researchers ! is typically the following:

\

dv4(r)
dr

+NV (1) =AW (1) ‘ (41

In Eq. (41), V(¢) is the plunging velocity of the aircraft in-
duced by the turbulent gust velocity W (¢), and

dc
A=pUS—L /2m (42)
da
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where p is the air density, S the wing area, U the level flight
velocity, m the mass of the aircraft, and dC, /de the slope of
the lift coefficient curve for the aircraft. Clearly, A =/ is the
characteristic time of the system. The solution is sought
subject to the initial condition

V=0, at t=1, (43)

where ¢, is the time when the aircraft enters the turbulent
region.

We nondimensionalize V' (f) and W (¢) by choosing the rms
of W(t),

o, =(W(r)?)"” (44)

as the velocity scale, and nondimensionalize ¢ by 2L, /U
where L=2 L, is the longitudinal length scale of the tur-

bulence.’” In nondimensionalized quantities, Eq. (41)
becomes
Ly e xp=xw 45)
dr B
and Eq. (43) becomes
V=0, at f=1, (46)

where V=V/o,, W=W/o,, t=t/(2L,,/U), t,=1,/ (2
L,/U),and
N=\/(U/2L,) 47

Turbulence Model

Following Wang and Shu® and Dutton,” we express W(¢)
by a two-term functional expansion

o

W(i) = S PO (i=n) H (1) dr

+€5 SP(Z’(t_—T,,t-—Tz)H(z)(T,,Tz)d'rIdTZ (48)

where P (f—71) and PP (f—17,,f{—7,) are deterministic
functions to be determined from given correlation functions
of W(t), e is a small parameter introduced here to indicate
the relative order of magnitude of the two terms. Again, if
e=0, W(r) represented by Eq. (48) becomes a stationary
Gaussian process. o
We assume now that W (¢) is characterized by its two- and
three-time correlation functions, defined as
R, (0) =(W (1) W(i+0)) (49)
R,(0,,0,)=(W()W({+0,)W(t+86,)) (50)
where 6, 8;, and 8, are time shift on the nondimensionalized
time history basis. Substituting Eq. (48) into the right-hand
side of Egs. (49) and (50) and using the statistic properties of
HW (1) and H? (7,,7,), we obtain
R, (6) =[P (n+8) P (n)dy
+2€2[{P 2 (n; +0,m, +0) P2 (n;,m;)dn,dn,
R, (0,,6,) =2€[[fPD (n,) PD (n;) P2 (6,
+0_2 +771;0_2 +7lz)d’71d’72 +”P(” (n;)P‘” ("I;)P(z) (0-1
+1y, —0_2 +’72)d771d712 +HP(]) (ﬂ])P(” ('ﬂz)P(z) ( “‘0_1 +14,
—8,—0,+n,)dn,dn,]+ 83 [J{P D (n,,1,) PP (8,
+1,,m3) PP (0, +0,+n,,0,+4;)dn,dn,dn;

(52)
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For given R, (6), and R,(4,,0,), Eqs. (51) and (52) are two
simultaneous equations to be solved for P{) and P2,

In analyses of this kind, the double correlation of W (¢) is
often taken to be Dryden’s spectrum,!*'S which yields, by
Fourier inversion,

161
4T )e—IOI/ZTW (53)

R, (0) =07, (1 -
where 18| stands for the absolute value of 8, T, is the “‘time
scale’ of the turbulence, and 6 is the time shift on a time
history basis. By Taylor’s hypothesis, the time scale and
length scale are related through the following relations:

T,=2L,/U; 6=r/U (54)

where ris the space shift in the flight (flow) direction. In terms
of the nondimensionalized variables, Eq. (53) becomes

o 141 X
R1(0):(1—7>e*“" (53)
where R, =R, /0%, §=0/2T,,.

We have been unable to find, in the literature, a proper
expression for the triple correlation function
(W(YW(+86,) W(i+0,)) for atmospheric turbulence. As
a consequence of Taylor’s hypothesis, this quantity in
isotropic turbulence is identically zero by the condition of
isotropy. In order to make specific calculations, we set in the
following demonstration

R,(0,,0,)=0 (56)

With the right-hand sides of Eqs. (51) and (52) given, the
presence of a small parameter e suggests an iteration
procedure of solving this set of equations. The iteration starts
from the zeroth order

RO = PO @+0)PD 1)y (57)

The solution of this nonlinear integral equation, due to
Wiener, ' is expressible in terms of Hilbert integrals. For the
special case of Eqgs. (55) and (56), the final result neglecting
terms of 0(e7) is found to be

P () =P§h (n) +€2P§D () (58)
where
V3l — (- - =0
O DA o
- -2 >0
P}”(n)={(()%+72)e e Z<0
with

Y1 =Cp—Cyu—C, (1+43,~-233)/33,
Y,=2[Cp—Cy —v, (1 +8,)/2]/8,

v:=C, (1426,)°/38,

Ma? a? ab
Cy=-C3|— - - 2]
L4 I+28, (1+28))
2 b b2 2
C,,=—C3 KL S S ab ]
L2 2 4 1428, (1+28))°

rab b2 ab
Co==C 5+ T g ]
= 1
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2 1 Ny
T =282 b_1—23,’ B’_\G

a

and

Reeves et al.!” analyzed the LO-LOCAT phase I1I data and
reported that the typical atmospheric turbulence has a flatness
factor, (W (1) *y/{W(t)2)2, of 3.5. Assuming RZ =0.07 in
our model, it is calculated that ¢’ =0.033 and the flatness

C,{28,—[n,(1-28,) +28,]e~U=28Dn2Ye~Prmi=Bmz, 5, 29,20

P& (M) =

0, otherwise

where C, is a normalization factor, found to be 3.2744, such
that

iIP? (5,,m,)12dn,dn, =1

For an arbitrary R,#0, we have also constructed the
solution which will be presented elsewhere.

Statistical Properties
The turbulence modeling by Eq. (48), via the kernel func-

tions expressed in Egs. (58) and (59), reproduces the
correlation functions R; and R, of Eqgs. (55) and (56). It is
now possible to write W(¢) as the sum of a Gaussian part,
W (1), and a non-Gaussian part, Wy (¢):
W(ty=Wg(£) + Wye (1) (60)

where
We (1) = S [Py (f—T1) +€2PyD) (1 —7)JHD (1) d7

(61
and
WNG(I_)=6S SP(Z)(t_—TI,f—Tz)H(z)(71,72)d71d72

(62)

Since H (r) and H® (7,,7,) are statistically or-
thogonal, it follows from Eq.(60),

(W)Y = (W (D 2+ Wy (D)) (63)
Let us define
RL=( Wy (D)) /AW (1)?) 64)
as the ratio of the kinetic energies of the non-Gaussian and the
Gaussian components. Using Eq. (61) with the term of order
€ neglected, we get
(W (t)2y=1-2e? (65)
Equation (62) leads to
(Wi (£)?) =2¢? (66)

Equations (63), (65), and (66) thus satisfy the normalizing
condition

(W()?y=1 (67)
From Eqgs. (65) and (66), there is also
R2,=2e?/(1-2¢%) (63)

or
e?=R2/2(1+R2) (69)

C3(28,—n; (1= 28,) +28,Je= (=280 }e~Prmi=friz, g, 29,20 (59)

factor =3.5082. We therefore adopt RZ =0.07 and evaluate
the probability density function using the method presented in
Section II. The result is shown in Fig. 1. From their analysis
of measured data, Blackadar et al.! reported that the
probability density functions are larger at the origin than a
Gaussian function and become less than the Gaussian func-
tion for Iw/o, | in the ranges between 1 and 3. It is seen that
Fig. 1 has indeed such features. Figure 2 shows the cumulative
probability distributions of the present model of atmospheric
turbulence and of the LO-LOCAT phase III data. The
agreement is almost perfect.

Note that the only assumptions made in our turbulence
modeling are: 1) the non-Gaussian part is small enough to
permit a two-term expansion, and 2) R, and R, satisfy Eqs.
(55) and (56). Unlike other attempts, no specific mechanism
needs to be implied or postulated for the turbulence.

Response of the Aircraft
We write the expansion of the response process V(¢) by

7= S...SK("’ (BT )
n=1
XH"™ (7,,75,...1,)d7,d7,...d7, (70)

Here, K (¢; 7,,7,,...7,) is taken to be a function of ¢ and
7,,75,...T, Separately because, in the transient state, V() is
not stationary. It also should be noted that the complete
expansion is used for ¥ (f), which is not necessarily nearly
Gaussian.

We substitute Eq. (70) into Eq. (41). Because of the or-
thogonal properties of the functionals, the following set of
differential equations for the kernel functions of the response
are derived

%K(“(f;r)Jr)_\K‘”(t_;T)=>_\P‘”(t_—T) Q)]

d _ - _
a—t_K‘z) (;7,,7,) +NKD) (47,,1,)

=eNPD (t—1,,f—1,) (72)

a _ - - -
a_iK”) (571,72,73) FNK D (67),7,,73) =0 (73)

and so forth. We have designated 7, as the time the aircraft
enters the turbulent field, and assume that initially the aircraft
is in horizontal flight; that is,
KO (£,;1) =KD (£p;1,,75) =...=0 (74)

forall 7;,7,,....

The solutions for the kernels subject to the initial conditions
given by Eq. (74) are

- i - -
K”)(Z—,'T)z)\SA P (§—1)e N0 df (75)
/0 .

i

K(Z)(f,-r,,fz)zexg PO (E—71.,E—7,)e M-Ddf
‘9

(76)
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Fig. 1 Comparison of the probability density function of the
presently modeled atmospheric turbulence (flatness factor =3.5082)
with a Gaussian density function.
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Fig. 2 Cumulative probability distribution of atmospheric tur-
bulence; curve 1-LO-LOCAT phase 111 data, curve 2- present model.

and
K® (51,7573) =KD (L) =...=0 a7

To obtain the stationary solution, we let 7, tend to — oo,

K”’(’_"T):XS: P (E—r)e-Mi-Bdg (78)

and
i
K(z)(t_,'r,,fz)‘—“eXS PO (§—7,,t—1,)e  i-dg
79

By changing the variable of integration, Eqs. (78) and (79)
lead to

K ([_,'T):XS P (t—7—n)e Mdy
0

=K (f—1) (80)
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and
K@ (£71,,1,) =€XS PO (f—1,~n,f—7,—q)e " dy
0

=K@ (f—1,,t—1,) (81)

Consequently, the exact solution for the response process
V(t) is obtained as

KU (t—7yH" (r)dr

I’/(E):Sm

+S SK(” (f=7,t=7) H? (7,,7,)d7,d, (82)

—

The terms K ¢/ and K (2 are provided by substituting Egs. (58)
and (59) into Eqgs. (80) and (81), respectively.

The two-time correlation function of ¥(t) can be
calculated in two ways. One is by Eq. (82):

iy v+ = | KO @+HKD (5)d

+2Sf SK(Z)(6+£”9+€2)K(2)(Sz)gz)dé,déz 83)

o

Another is by the classical spectrum approach:

P V(i+0)y =N §0 j( W(i—t,)W(i
+0—£,) e Nt dE dE, (84)

It has been proven that the two results are identical. The joint
probability density functionof V'(f) and ¥ (f) can becom-
puted using the method presented in Section I1.

To demonstrate the effects of the non-Gaussian nature of -
the atmospheric turbulence on the response statistical
characteristics, we have computed the one-dimensional
probability density functions for the case R?Z =0.07, with
A=0.125, 0.25, 0.5, 1.50, and 5.0. In Fig. 3 the cumulative
distributions are shown. In Fig. 4, we present the response
flatness factor calculated by using Eq. (82). As a con-

.firmation, the flatness factors for the case R? =0.07 with

X=0.125, 0.25, 0.5, 1.5, and 5.0 are also calculated by using
the probability density function obtained. The results
calculated by these two methos are almost indistinguishable
from each other.

IV. Conclusions

The expansion of a random function in terms of statistically
orthogonal random functions is a logical extension of the
usual expansion techniques for deterministic functions. While
conceptually straightforward, it does not seem to have made
much headway in aeromechanical engineering ap-
plications—no doubt because the procedure and its details to
arrive at results of practical interest remain largely unknown.
The emphasis of the present study is twofold: to explore the
feasibility aspects of the method, at least as applied to a
simple system, and to demonstrate the richness of the in-
formation that can be deduced from the result.

For a stationary random function, once the expansion
kernel functions are known, a method to construct the
probability density functions is presented. To obtain the
expansion kernel functions, we follow the integral equation
formulation in terms of the correlation functions which are
assumed given. At least for slightly non-Gaussian random
functions, the set of simultaneous nonlinear integral
equations can be attacked by an iterative procedure.
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Fig.3 Response distribution with X as parameter.

Fig. 4 Response flatness factor where
F,, is the turbulence flatness factor.
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In application to the gust loading problem, a two-term
expansion of the atmospheric turbulence is first made to yield
the typical flatness factor of 3.5 and to produce the Dryden
spectrum. The probability density function so constructed
appears to be in excellent agreement with available
measurements. This is unlikely to be coincidental because the
smallness parameter of the method to justify a two-term
expansion is indeed small.

Without restricting to slightly non-Gaussian functions, we
find the response of the aircraft as a first-order linear system
to be representable also by a two-term expansion. The
probability density function p(v) for the response velocity
V(t) and the joint probability density function p(v,v) for
velocity V(t) and acceleration V() can thus be constructed
using the technique presented in Section II. The cumulative
probability density function for V' (¢) is plotted in Fig. 3. The
flatness factor of the response velocity (V*)/(V?)? is
plotted in Fig. 4. Those curves depend on the parameter X, the
ratio of the characteristic time of the aircraft and that of the
turbulence. In most practical cases, the value of this ratio is
said to lie between 1.25 and 5.0.' It may be concluded from
Figs. 3 and 4 that the frequency of occurrence of large gust
velocity W (t) is higher than that estimated by a Gaussian
assumption, and that of the occurrence of large response
velocity V(r) is even higher. Based on the joint probability
density fucntion, other statistical properties such as the level
crossing frequency, of obvious design interest, can also be
obtained.

It may be emphasized that our approach based on the
expansion technique should have wide applicability to other
random response problems subject to a slightly non-Gaussian
forcing function. As for the aircraft gust loading problem, the
extension to multiple degrees of freedom is immediate, at least
in principle, as long as the response can be treated as that of a
linear system.
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